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Abstract 
The Lagrangian energy description of multiple rigid bodies moving through an inviscid fluid is proved equivalent to the 
corresponding momentum-type one using the harmonic function theory. In two dimensional cases, the description can be used to 
derive the extended unsteady Blasius formulae in the complex form. It indicates that the pressure distribution over the surface of 
any submerged body are functions of coupled translational and angular accelerations of all bodies, and therefore masses of all 
bodies influence hydrodynamic loads on a body. 
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Peer-review under responsibility of The Chinese Society of Theoretical and Applied Mechanics (CSTAM). 
Keywords:Multiple bodies, hydrodynamic interactions, unsteady discription 
1. Introduction 
In recent years there has been a revival of interest in investigation of the dynamics of many bodies translating and 
rotating through an inviscid liquid. The hydrodynamic interaction between these bodies plays a key role in their 
subsequent motions. However, determination of the hydrodynamic couplings between those asymmetric bodies and 
unsteady-description of their motions are still tough task for researchers in fluid dynamics. 
Generally, there are two approaches used to describe the hydrodynamic interaction. One is based on a 
momentum-type description, in which the hydrodynamic loads derived by integrating the pressure over each body 
surface [1,2].To avoid the direct pressure integration over a body surface, the pressure is usually expressed as a sum 
of the local rate of change of the velocity potential and half of squared flow velocity according to the Bernoulli 
equation. But in such problems of many submerged bodies, integrations of both the local time-derivative of the 
velocity potential and the squared flow velocity are very onerous in analysis. To predict the hydrodynamic loads on a 
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moving body conveniently, the Lagally theorem can be used if the strengths and positions of the image singularities 
in the body are simply expressible in an attached moving coordinates[3,4].However, those cases involved in multiple 
moving bodies are not yet available based on the theorem. The other involves an energy approach, which applies the 
Hamilton variational principle in the conservative body-fluid system[1,2]. This approach has been extended to 
description of many moving bodies through an inviscid fluid [5-7].Usage of the technique has advantages that it 
need not integrate the squared flow velocity over each body surface and the time-derivative operator is outside the 
integration of the velocity potential. In two dimensions, the unsteady Blasius formulae can be used as a useful tool to 
predict dynamical behaviors of multiple moving cylinders by means of the powerful complex function theory [8], 
which are obtained from the conservation of momentum [9], but their expressions are mixed ones of these two 
descriptions in appearance. 
Although the energy description has been applied to situations of hydrodynamic interactions between several 
rigid bodies, it has not yet been confirmed theoretically that the two descriptions are equivalent to each other. 
Moreover, one wonders if the energy description can be used to those problems with deformed bodies, in which the 
kinetic-energy expression of fluid is perhaps unintegrable and meaningless. To utilize the convenience of the energy 
approach for unsteady-description of body motions, this paper just tries to prove the dynamic equivalence between 
the two descriptions for such cases of multiple rigid bodies and shows that in two-dimensional cases, they can be 
transformed into the corresponding unsteady Blasius formulae. In addition, the pressure distribution over the surface 
of any submerged body are functions of coupled translational and angular accelerations of all bodies according to the 
Bernoulli equation. 
2. Statement of the problem 
Consider motions of N arbitrarily-shaped rigid bodies through an unbounded fluid. In an absolute Cartesian 
coordinate system 1 2 3( , , )x x x , body E( {1, , }NE  ),located at i ixE E x e , moves at a translational velocity 
i iuE E u e  and an angular velocity i iE EZ eZ , where 1,2,3i  , ie  denotes a unit vector parallel to axis ix , ixE  the 
ith coordinate of centroid of body E, and iuE and iEZ  its ith translational velocity component and angular velocity 
component, respectively. Moreover, the orientation of the body is expressed by three unit vectors iEe  ( 1,2,3i  ) of 
a moving coordinate system fixed at its centroid, and its infinitesimal angular displacement EGT  is written as 
i iE EG GT eT , where iEGT  denotes the ith component of EGT . A kinematic configuration of N moving bodies in a 
fluid is plotted in Fig. 1. 
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Fig. 1. Sketch of many bodies moving through an inviscid fluid. 
On the assumption that the fluid is inviscid and incompressible, and the flow irrotational, there exists a velocity 
potential ( , , , , 1, , ; 1,2,3)i N iO O O OI I O   x x u e Z  at any position 1 2 3( , , )x x xx  in the flow field, which can be 
expressed in terms of unit velocity potentials(see Ref. 2)as 
j j j juD D D D D D D DI M Z M    u M Z M ( 1, , ; 1,2,3)N jD   , (1) 
The kinematic boundary condition on the surface SE of body Eis 
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( )
n
E E E E E E
E
I Iw    uw = n u n nZ 9 (not summed for E), (2a) 
and at infinity 
0I o , (2b) 
where En denotes a unit outward normal vector to the body surface, nE distance along the normal, and E9  a position 
vector from its centroid to the surface. 
3. Equivalence 
3.1. Hydrodynamic loads in the momentum-type description 
The hydrodynamic force EF  exerted on body E by the surrounding fluid can be directly determined integrating 
the pressure p over its surface 
( )
2S S S
p d S d S d S
tE E E
E E E E
I UU I Iw     w³ ³ ³F n n n , (3a) 
Similarly, the expression for torque ET acting on the body about its centroid becomes 
( )
2S S S
p d S d S d S
tE E E
E E E E E E E
I UU I Iw  u  u    uw³ ³ ³T n n n9 9 9 . (3b) 
According to (1), (3) reveals that the pressure distribution over the surface of any submerged body are functions of 
coupled translational and angular accelerations of all bodies, and therefore masses of all bodies influence 
hydrodynamic loads on the body. 
3.2. Hydrodynamic loads in the energy description 
The kinetic energy fT  of fluid may be expressed as a surface integral, 
2
f
S
T d S
nJ J
U II6
w  w³ , (4) 
where6SJ indicates the sum of all body surfaces. In the absolute Cartesian coordinates, the Lagrange equations of 
motion give the vector expressions for the force and torque acting on body E, 
f f f
i i i i
S
i i
T T Td d
F d S
dt u x dt E
E E E
E E E
UI
§ ·w w w     ¨ ¸w w w© ¹ ³F e e e n x , (5a) 
and 
f f f
i i i i
S
i i
T T Td d
T d S
dt dt E
E E E E
E E E
UIZ T 
§ ·w w w     u ¨ ¸w w w© ¹ ³T e e e n9 T . (5b) 
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3.3. Equivalence between two descriptions 
To explore the connection between the two descriptions, derivatives of surface integrals with respect to time or 
spatial locations should be carefully performed. Based on the Leibnitz rule, the first term on the right-hand side of 
(5a)becomes 
S S S
d
d S dS dS
dt t nE E E
E E
E
I IUI U U I
w w  w w³ ³ ³n n , (6a) 
in the same way, the first term on the right-hand side of (5b) changes into 
( )
S S S S
d
d S d S d S d S
dt t nE E E E
E E E E E E E
E
I IUI U U I U I   
w wu  u  u  uw w³ ³ ³ ³9 9 9n n u n . (6b) 
In view of the Leibnitz rule and Green’s reciprocal formula, the second term on the right-hand side of (5a) becomes 
( )
2
f
S S
T
d S d S
nE E
E
E E
I UU I I I 
w w     w w³ ³ nx , (7a) 
and the second term on the right-hand side of (5b) is changed as 
( ) ( )
2
f
S S S
T
d S d S d S
nE E E
E E E E E
E E
I UU I U I I Iw w u  u    uw w³ ³ ³9 9T u n n . (7b) 
The above derivation provides a proof that in a conservative body-fluid system, the energy description is 
equivalent to the momentum-type one. 
3.4. Two descriptions in two dimensional cases 
In conservative two-dimensional problems, the energy description has its corresponding expressions for the 
hydrodynamic loads. In the case, (5a) and (5b) associated with (7a) and (7b) can be changed into 
( )
2C C C
d
dl dl dl
dt nE E E
E E E
E
I UUI U I I I  
w     w³ ³ ³F n n , (8a) 
and 
3 3 3 3( ) ( ) ( ) + ( )( )
2C C C C
d
T dl dl dl dl
dt nE E E E
E E E E E E E E
E
I UUI U I U I I I  
w u  u  u   uw³ ³ ³ ³9 9 9n e u n e e n e ,(8b) 
where CE  is the contour of cylinder E, 3e  a unit vector outwardly perpendicular to the plane of reference. 
For the two-dimensional problems, the complex variable 1 2iz x x   is used, and thus the complex potential is 
iw I \  . Hence, (8a) may be expressed in complex form as 
2
i
i
2
i
    i
2
C C C C
C C
d d dw dw
wdz dz d d w
dt dt dz dz
d dw
wdz A z dz
dt dz
E E E E
E E
E
E E
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UU U
   
 
§ · § ·    ¨ ¸ ¨ ¸© ¹ © ¹
§ ·    ¨ ¸© ¹
³ ³ ³ ³
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)
. (9a) 
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where zE  and AE  are the centroid position and area of cylinder E, respectively. Similarly, (8b) may be rewritten as 
2
2
Re ( ) i ( ) + i( ) i
2
    Re 2 ( ) ( )
2
C C C C
C C C
d dw dw dw
T z z d z z dz z z d z z d z
dt dz dz dz
d d w d w dw
z z dz z z z dz z z dz
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E E E E E
E E E E
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   
  
­ ½° °      ® ¾° °¯ ¿
­ ½° °§ ·     ® ¾¨ ¸© ¹° °¯ ¿
³ ³ ³ ³
³ ³ ³
. (9b) 
(9a) and (9b) are exactly the extended unsteady Blasius formulae given by Sedov [9] 
4. Conclusions 
The Lagrangian equations of motion for many rigid bodies moving through inviscid fluids are proved to be equal 
to the corresponding momentum-type ones, and in two-dimensional cases, they can be transformed into the unsteady 
Blasius formulae. The pressure distribution over the surface of any submerged body is a function of coupled 
translational and angular accelerations of all bodies. 
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